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Abstract

The duality theorem of Serre aims at establishing an isomorphism between the cohomological
groups over the sheaf of holomorphic forms on a complex vector bundle and the associated group
over the dual vector bundle. Several results of ubiquitous importance are required along the
way to establish the duality theorem. This thesis explores all the tools that lead to an elegant

proof of the Serre duality.
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Chapter 1

Notations and assumptions

The basic setting throughout this thesis is a complex manifold X and a holomorphic vec-
tor bundle 7 : E — X over it. We assume familiarity with some sheaf-theoretic defini-
tions of r—differential forms ¢"(X, A"T*(X)), the complexification of the cotangent bundle,
e"(X,N"T*(X) ® C) and the associated (p, q)—forms eP4(X, A\P4T*(X) @ C). We likewise as-
sume the definition of the generalized r—differential forms with coefficients in the bundle F,
given by " (X, AN"T*(X) ® F) and the (p, ¢)— forms, eP4(X, \P4T*(X) ® E). All constructions
and ideas leading to the Serre duality revolve around these definitions.

For clarity, we use the following notation:
o &'(X):="(X,NT*(X))
o cPU(X) =PI X, N\PIT*(X)® C)
o &"(X,E):="(X,N"T*(X).® E)

o cPU(X,E) = eP(X, \PIT*(X), @ E).



Chapter 2

The Hodge-* operator

The Hodge-* is a linear operator that uniquely maps a k—form on any vector space V of
dimension n to an (n — k)—form on the same space. The Hodge-* operator can be extended to
act on differential forms over real manifolds or the complex structure on a complex manifold X
and more generally, forms with coefficients in a holomorphic bundle £ over X. This chapter

shall explore all these ideas, and certain important properties of the Hodge-* operator.

2.1 Basis of the exterior algebra

Let (V,{,)) be a real vector space of dimension n and let £ = {ey,...,e,} be an orthonormal
basis of V. Consider the exterior algebra of degree k, denoted by A*V for some k < n. We then
claim the following.

Theorem 2.1. There exists an inner product (,) \ey on A¥V induced from (,) such that E*) .=

{ei Ao Ney i1 <iy <...<i <n} forms an orthonormal basis for AFV.

Proof. We first construct an inner product on ®k V induced by (,). Specifically, for two degree
k tensors comprising the basis vectors, define
k

(en ® ... ®ei, e ©... @ e )gry = | [ )
=1

This definition shows that £*) is orthonormal due to the orthonormality of £. This can now
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be extended to define an inner product {,) .k on AFV:

(€iy N\ Nejy, ey N NEj Y ARy = Z ngn o)sgn( )<eia(l)®"'®eia(k)7€j7(l)®'"®ej7(k)>®kv
€S TES

For orthonormlity we hence define (,) vy := (1/k!)(,)gry. This is the required induced inner

product on A*V from the underlying space V.

2.2 Hodge-* on general vector spaces

We shall define the Hodge-* operator first for the exterior algebra of some degree k on a
real inner product space (V,(,)). We let {e1,...,e,} be an orthonormal basis of V. Denote
e1\ ... Ne, =V to be an oriented volume form on ARV Then, the Hodge-* operator is a

linear operator:
%1 APV 5 AVTRY defined by ke AL Aei, = Fe, Al Aej -

Here, {j1,...,Jn—k} = {i1,...,ix}°. The sign is determined upto permutation based on the

volume form Vy.

The Hodge-* operator can now be extended to general differential k— forms as follows. For two

differential forms o = Z\/n:k ale and 8 = Z‘/J‘:k Bey, a simple computation gives:

/ /
aAxf = Z arfjer N xey = ZO&[ﬁ[Vf.

1,171 ]

where (a, B) \ry = Zmzk agfr is the induced inner product from (,), as discussed in section
1.1. The definition of the Hodge-* operator gives its most important property; namely, it is
independent of the orthonormal basis chosen. This is true since the transformation under two

sets of orthonormal bases has determinant 1, leaving the Hodge-* operator unchanged.

1 ! — . . e . — I ;
Here, 30/ arer =3 1o <y <n iroin€in Ao Aei, where I = {ix,... ik}
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2.2.1 On complexified vector spaces and complex structures

The definition of the Hodge-* operator on a real vector space V' can be extended to its com-
plexification V ® C. Specifically, define o A %3 := ZTII arBrVy, giving (a, B) = ZTII arfr. One
step further, specifically consider the complex structure J with J2 = —I on the complexified

cotangent bundle 7*(X) ® C of a complex manifold X which splits into the +i eigenspaces:
T*(X) ®C = Tl;O*(X) D TO;I*(X)

where T1%(X) is the +i eigenspace and T%*(X) is the —i eigenspace. It can be seen that
dzy, := dxy + idy, and dzi := dx, — idyy forms the respective basis of these eigenspaces, given
that the complex structure smoothly assigns J(dzy) = —dyx and J(dyy) = dxg. In this case,

for a (p, q)-form a € APIT*(X) ® C,

’ ’
o= Z arjdzr Ndz; = *a = E arjdzre A\ dzje.
[I|=p,|J|=q |I¢|=n—p,|J¢|=n—q

Extending this to the sheaf of sections of (p, ¢) —forms, we have: % : eP'?(X) — " P~ 4(X) defined by

!/

fa)y= Y fu@)de Adz; = «f(z) = > fry(z)dzge A dzge.

lI=p,|J|=q |[I¢|=n—p,|J¢|=n—q
This leads us to the first main result in this thesis:

Theorem 2.2. % : eP9(X) — " P79 X) is an isomorphism.

Proof. To prove this, we first define the ** operator on a general k—form vy A ... A vy € AFV,

where V is a vector space of dimension n. Define sx : AFV — ARV as:
sk (U1 Ao A o) = x(k(v1 AL Ag)).

A simple computation shows that sx = (—1)¥("=%)_ So_ extending by linearity, ** can be used
to show that * is an isomorphism. Specifically, suppose *f = xg. This would mean that
x(xf) = *(xg), i.e., ¥ * f =+ * g. Since we have (p,q) forms, we get (—1)P(r—P)tan=a)f —
(—1)P(n=P)1+a(n=0) g vielding f = g. Hence,  is injective. To show that * is surjective, pick
an element v = Zi”:n_p,mzn_q ary(x)dzr A dzy, where gy is a local section of the cotangent

bundle. Hence, define a(x) = - e/, je|=q @15 (2)dz1e A dZ e so that xa = v.
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2.2.2 The conjugate Hodge-* operator

On a complex manifold X, consider f € "(X). Then, define the conjugate Hodge-* operator

as:

() = #7.

Here, the conjugation acts on the coefficients of the differential form.

2.3 The *g operator on general bundles

We shall now describe the generalized Hodge-* operator on differential forms with coefficients
from a bundle over a complex manifold. Let w : £ — X be a Hermitian holomorphic vector

bundle, and denote E’ to be the dual vector bundle. Then, for o € A"T*(X). ® E, define:

¥ NT(X)e®@E — A""T*(X).® E by ¥p(a®e) :=%(a) @ 7(e),

where 7 : E — E’ is an isomorphism of bundles.

This can be extended to the sheaf of (p,q)—forms and we get the Hodge-* operator similarly
defined:
¥p P X, NPIT*(X), @ E) — " P9 X, \VPITHX) . @ E).

As in Theorem 2.2, we have:

Theorem 2.3. *g is an isomorphism.



Chapter 3

Harmonic theory on complex

manifolds

The objective of Harmonic theory on complex manifolds is to establish the existence of the
adjoint of the differential d-operator on the differential forms of a Hermitian holomorphic bundle
FE on X. This is achieved by first defining a unique inner product on the sections closely related

to the Hodge-* operator.

3.1 The Hodge inner product

We first construct an inner product on €*(X) as follows:

| onsvitowe,
(6,) = { Jx
0, if , & € eP(X), 4 € e4(X), with p # q.

Theorem 3.1. (.,.) defined above is indeed an inner product.

Proof. Firstly, we have / dNFY = / (¢,9)Vs > 0, since (.,.) is an inner product. Conjugate
X X

linearity follows easily. Now suppose (¢, ¢) = / (¢, 0)Vs = 0. Suppose ¢ > 0 locally. Then,
b's

(p,0) = ZII|=p |p1(z)|?dx; > 0. This would then mean that /X<<;5, #)V; > 0, a contradiction.
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This can be extended to e*(X, E) as follows:

[ onsevit o e, p)
(¢,1/})E = X
0, if ,p € eP(X,E), ¢ € e4(X, E), with p # q.

3.2 The adjoint d* operator

We know that d : €*(X) — e*T!(X) is a morphism of sheaves that locally takes any r—form to

an (r + 1)—form. For a dimension n manifold, we obtain a short exact sequence:
05X =X)L el(X) = ... S e i(x)—o0.

Using the Hodge inner product, we can now construct its adjoint d* as follows. For r < n,

consider ¢ € e"71(X) and 9 € €"(X). Then, do, € e"(X) gives us:

o) = [ dsnsy= [ aons) -t [ gnam.
X X x
Then, Stokes’ theorem gives us that for any closed form w, [y dw = 0. Hence:

(dé, ) = (1) /X b A dwip = (—1)r(-m) /X b AF(EdRY) = (—1)7017m ) (6, d*).

Hence, d* = (—l)r(lfnﬂ)id?. With this, we can define the real Laplacian operator as A =

dd* + d*d.

3.2.1 Constructing the conjugate G operator

Since 9 : €%*(X,E) — %(*tD(X, E), the adjoint 9" can be similarly constructed using the

general Hodge inner product. Specifically, for ¢ € eP9~1(X, E) and v € eP4(X, E), we have:

(a¢7¢)E:/XacM*Ew=/Xa(qM*Ew)+(—1)P+q/X¢Aa*E¢.

Now note that ¢ A ¥t is an (n,n — 1)—form, so d(¢ A ¥g1b) is an (n,n)—form. On the real

underlying manifold, the action of d on ¢ A¥gt (now, a (2n — 1)—form) again yields a 2n form.
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Hence, Stokes’ theorem can be applied to give:

(06,9)e = (_1)p+q/X¢/\8*E¢ = —/X¢/\*E(*E*8*w).

Hence, 9" := —%p«0%p. We can then define the complex Laplacian operator [J := 90+ 00 .

3.3 Space of harmonic forms H"(X, E)
For any p, ¢, the O operator now decomposes e¢(X, F) into specific subspaces:
eP9(X,E) = HPY(X,E) ® HPY(X, E)*t
where we define:
HPYX,E) = {f € eP(X,E) : Of =0}, the space of Harmonic (p, ¢)—forms,
HPUX,E)E = {f € PYX,E): (f,€)p =0, € HP(X, E)}.

3.3.1 Orthogonal projection of (X, F) onto harmonic subspaces

A result from elliptic operators show that dim(#P4(X, E)) < co. With this assumption, we
can consider the orthogonal projection of eP4(X, E) onto HP*?(X, E). Denote this projection
3.3.2 HPI(X,E) > HPI(X,F)

The main result of this chapter is to connect harmonic forms with certain measures of non-
exactness of the short 0 sequence:

0= QX,E) = VX, BE) L el (X, B) S ... & (X, E) > 0.

We define the HP? space in the following manner:

. a9,
Ker(eP4(X,E) S ePatl (X E
HPY(X,E) := er(e(X,E) = ¢ (X, ))

Im(era-1(X, E) 2 era(X, E))
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This gives us a measure of how non-exact this sequence is (This is termed as the Dolbeault

cohomology group, which we shall see in Chapter 3). Now consider the following map:
O : Ker(sP4(X, E) & Pt (X, E)) — HP9(X, E) defined by &(f) = f,

where fj, is the harmonic part of f. By the first isomorphism theorem, we have:

Ker(eP4(X, E) & epatl(X, E))
Ker(®)

= Im(®P).

We then claim that @ is surjective, and Ker(®) = Im(eP4~ (X, E) LN ePd(X, E)). The first

claim is true since, for a harmonic function f € HP?(X, E), we have:

0=3f.f)=(@0f. f)+ (@0 f.f) = [[0fI> + 110" fII?

yielding df = 0. Hence, f € Ker(e?(X, E) 2, ePidt1(X, E)) and since f is harmonic, ®(f) = f.
So, @ is surjective. Secondly, let ¢ € Ker(®). Then, 0¢ = 0 and ®(¢) = 0. This means that &

has no harmonic part, and the decomposition then gives:
¢=0¢=00'¢.

Now, 9 € = —%0%¢ which is a (p, ¢—1)—form. Hence, Ker(®) C Im(eP91(X, E) 2, ePi(X, E)).
Conversely, let f € Im(eP4~ (X, E) i eP(X, E)). Then, f = dg, which has zero harmonic
part.

Hence, we have:

Theorem 3.2. HP(X, E) = HP4(X, E).



Chapter 4

The Dolbeault Cohomology

This chapter largely deals with a purely cohomological equivalence between the sheaf of holomor-
phic forms and the associated non-exactness of the 9 sequence. This equivalence is established
by assuming certain Cech cohomology definitions summarized in the Appendix. The first ob-
jective is to construct long exact sequences from a set of short exact sequences in the setting of
coefficients from any general sheaf, after which this shall be applied to the sheaf of holomorphic

forms, giving rise to the Dolbeault theorem.

4.1 Long exact sequences from short sequences

Consider the following short exact sequence of sheaves:
a B
0—F1 — Fo— F3—0.

The exactness condition gives Ker(8) = Im(c). This now induces a map on the p** cochain

group of the open cover U = |J;c; U; of X, where p < |I|:
CP(U, F1) = CP(U, Fp) and CP(U, F) LA CP(U, F3).

Our first claim is then the following:
Theorem 4.1. « and B respectively commute with the coboundary operator § between the re-

spective cochain groups.

Proof. We show the commutativity of o and 6. (3 follows similarly. Let f € CP(U,F;). Then,

10
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I = (figir..i,) where figi, i, € F1(Uiy N...NUs,). The Cech coboundary operator & acts on f

as:
p+1

Sf =Y (—1)Prl5ifo,
1=0

where 0 = UgN...NUy, 05 = UgN...Ui—1 NU;11...U, for each i and r is the restriction

homomorphism. Then, the linearity of « gives us:

p+1 p+1
a(d(f) =D (~1Pa(r(g fz,) =D (1T alfs) = d(a(f))
i=0 i=0

where the sum on the right now takes place between the p order cochain groups.

This commutativity allows us to connect the respective p*—cohomology groups of the dif-
ferent sheaves. Specifically, define the a* operator (and likewise the §* operator)

o HP(X, F1) — HP(X, F2) by

a*([f]) = [o f] for f € Ker(CP(U, Fy) > cPri(U, Fy)).

We show that o* is well-defined. Suppose [fi] = [f2], where fi1,fs € Ker(CP(U,F) LN

CPTY(U, F1)). Then, 6(f1) = 0(f2) = 0 and f; — fo = 6f for some f € CP~1(U, F;). Con-

sider the following commutative diagram:

CrHi(U, F) —%— CPTY U, F)

d d

CP(U, F) —=— CP(U, Fy)

d d

Cr~YU, F) —— CPYU, F)

Firstly, aof € Ker(CP(U, F2) LN CPHL(U, F»)), since Joao f = aodof = 0, by the commutativity
of a, 8. Secondly, ao fi —ao fo = ao(do f) = do(aof). Hence, avo fi—ao fo € Im(CP~H(U, Fa) LN
CP(U, F2)). This shows that o* (and 8*) are well-defined maps.

We now try to define a general coboundary operator that can connect the cohomology groups

between sheaves, of different orders. That is, we need a map:

§*: HP(X, F3) — HPTY(X, Fy).

11
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For this, consider the diagram:

CP(U,Fy) —2 s CP(U, Fo) —2— CP(U, F3)

Js Js Js
CrLUU, Fy) —2 CPHU(U, Fy) —2 CPYU(U, Fy)
To define 0%, let [c] € HP(X,F3). Since [ is onto, there is a b € CP(U,F2) such that
B(b) = ¢. Then, 6(b) is in the Kernel of 3, since B(5(b)) = d(¢) = 0. The exactness of
CP*L(U, F») then gives a unique o € CPT1(U, Fy) such that a(a) = §(b). Lastly, a € Kerd, since
a(6(a)) = §(a(a)) = 62b = 0, and the injectivity of a would give §(a) = 0. So, we can uniquely
define §* : HP(X, F3) — HPT1(X, F;) by 6*([c]) = [a] at the cohomology level.

The construction of these operators now allows us to connect a chain of short exact sequences

to obtain a long sequence at the level of cohomology, as summarized below:

HP (X, F) — s HY(X, F) — s HP(X,F) j

6*
L Hp+1(X7]:1) L) HP+1(X’]:2) L) Hp+1(X7~7:3)

The last question is whether the long sequence is exact or not. It is sufficient to check exactness

at two positions:

o At HP(X,F):

Let [b] € Im(a*). Then, a*[a] = [b] for some [a] € HP(U,F1). We need to show that
B*[b] = 0. Since o*[a] = [b], we have b — a(a) = 8f for some f € CP~1(U, F,). Consider

B(f) € CP(U, F3). Then, 8(3(f)) = B(8(f)) = B(b — ala)) = B(b) — Bla(a)) = B(b), by

the exactness of the cochain group sequence. Hence, 5*[b] = 0.

a — b—ala) —2 Bb)

d d
f—"— 8
Now suppose [b] € Ker(8*). Then, B(b) = df for some f € CP~1 (U, F;). We need

a € CP(U, Fy) such that b — a(a) € Im(CP~Y(U, F») LN CP(U, F2)). Since 3 is onto, there

12
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exists ¢ € CP~1(U, F,) such that 3(c) = f. Consider b—§(c). Then, 3(b—d(c)) = B(b) —
B(0(0)) = 6(f) — 6(B(c)) = 0. Hence, by the exactness of the cochain group sequence,
there exists a € CP(U, F1) such that b — 6(0) = a(a). This shows that [b] € Im(a*).

o At HP(X,Fs3):

Let [¢] € Ker(6*). Then, 6*[c] = 0 implies [a] = 0 where a € CPY1(U, F}) is such that
a(a) = §(b) and b € CP(U, Fs) is obtained via the surjection 5(b) = c. Also, dc = 0 by
definition. [a] = 0 means that a = §(o) for some o € CP(U, F;). Then b—a(o) is a cocycle
since §(b — a(o)) = 6(b) — a(d(0)) = 0. Further, S(b — a(o)) = B(b) — B(a(o)) = 5(b)
by the exactness of the cochain group sequence. This shows [¢] € Im(8*). The converse

follows trivially.

These proofs show that the so-formed long sequence is exact.

4.2 Dolbeault’s theorem

4.2.1 Dolbeault cohomology

Define:

P:q 9, pa+l
HP(X, B) = Ker(eP4(X,E) — ¢ (X,E))

Im(era-1(X, E) & era(X, E))

to be the non-exactness of the short sequence:
0 X = (X, E) % PL(X,E)... » P"(X,E) — 0.

This is defined as the Dolbeault cohomology group for any p, q.

13
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4.2.2 Associated long exact cohomology sequence on holomorphic forms

Denote ZP4 := Ker(e?(X, E) 5 eP4t1(X, E)). Consider the following set of short exact

sequences:
0 QRS AN/ J— |
0 zpl Ly epl 9 L gp2
0 gpa iy pa _ 0 gpatl

Here, the surjectivity of the 0 operator comes from the O— Poincaré lemma, which we state
without proof:
Theorem 4.2. (Poincaré). Let a be a (p,q) O-closed form on a polydisc A C C", that is,

Oa = 0. Then, there is a (p,q — 1) form B such that 98 = «a.

We now construct the induced long exact cohomology sequences associated with the above short

exact chains. Consider this component of the long exact sequence:

o= HTY (X, eP0) — g N X, 2P — HI(X,QF) — HI(X,eP0) — -

We now make use of another theorem, which we state without proof:

Theorem 4.3. H"(X,eP?) =0 for r > 0 (Such sheaves are called fine sheaves).

Using this theorem, the long exact cohomology sequence becomes:
0= HI7Y(X, Z2PY - HY(X,QP) - 0 — - --
The first isomorphism theorem and the exactness of the sequence gives us:
HYX,0P) = HI7Y(X, ZzPh).
This can be continued throughout the components of the long exact sequence, giving:
HY(X,0P) = g9 Y(X,zPY) = ... = HY(X, zP9 ) = HY(X, ZzP4) [OH (X, 277 1) = |P.
Hence, we have proved the following important theorem by Dolbeault:

14
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Theorem 4.4. (Dolbeault). HPY(X,E) =2 HY(X,QP(E)). In other words, the cohomology on

the sheaf of p-holomorphic forms is equivalent to the Dolbeault cohomology.

15



Chapter 5

The Serre Duality

The Serre Duality deals with the unification of all the constructions that we have seen in the
previous chapters. While the theorem is for compact complex manifolds, Serre’s proof also
included a generalization to the non-compact version. The main objective of this chapter is to

provide a proof in the compact setting.

5.1 Statement

Theorem 5.1. Let X be a compact complex manifold of complex dimension n and let m: E —

X be a holomorphic vector bundle. Denote E' as the dual bundle. Then, H1(X,QF(E)) =
H" (X, Q" P(E)).

Proof. The general Hodge-* operator, *g, the Harmonic projection Hg, the isomorphism of

harmonic subspaces with the cohomology group, and Dolbeault’s theorem together give the

required isomorphism:

HP4(X, E) Hn=Pn=4(X, E')

16



Chapter 6

Cohomological dimensions of pullback bundles: possible directions to a new result

STATEMENT:

Let m: Y — X be a cyclic branched covering of compact Riemann surfaces with branch divisor
B C X and ramification divisor R C Y. Let L be a line bundle on X such that K}‘?Q ®L71is

effective.

We aim to determine necessary and sufficient conditions on the degree n of = and the branching

data (i.e. the divisor B) such that the pullback bundle 7*L on Y satisfies

RO(Y,n*L) = h°(X, L).

Our attempt at the proof, in fact, showed no possibility of obtaining the hypothesized equality.

The details are as follows.

The decomposition of cyclic covers shows that 7*L over Y carries roots of sections of L®". This

yields:
.0y = Ox @® @L(@(—j)
j=1
Hence,
hO(Y,7*L) = h%(X,L) + h°(X,X x C) + ni WO(X, L ® L2D),
j=2

Now, h%(X, X x C) # 0, since non-trivial global sections can be defined on a compact Riemann
surface. In this case, the equality h(Y,7*L) = h%(X, L) that we require cannot be achieved,

but sufficient criteria on the degree of m can be found which makes the summand 0. So,

17
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consider h°(X, L ® L®(=i )) for 2 < j < n—1. Proceeding as above, a sufficient criteria to make
RO(X, L ® L®9)) = 0 is that deg(L ® L®(-7)) < 0. Since deg(L @ L2 = deg(L®—7)), we
have:

deg(L?01)) = (1 — j)deg(L) < 0.

Now, j > 2 =

deg(L) > 0, (6.1)

for the above criteria to be satisfied. The effectiveness of Kg?Q ® L~ further implies:
deg(L) < 4gx — 4.

Combining this with (1), we get 0 < deg(L) < 4gx —4 which gives us our first sufficient condition
on the genus:

0<deg(L) <4gx —4 = gx > 1.

Secondly, the Riemann-Hurwitz theorem gives us:
29y — 2 = (2g9x — 2)n+ deg(R) > n + deg(R).
Hence, the two sufficient criteria for h(X, L @ L®(=7)) = 0 are:
gx > 1 and n < 2gy — 2 — deg(R)
Hence, we can at the most obtain:

RO(Y,n*L) = h%(X,L) + h%(X, X x C) > h%(X, L).
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